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This paper explores and extends upon Greeno's proposal that conceptual 
domains are spatial environments by considering the similarity between 
conceptual domains and geometry.  However to account for the optimal 
outcome of learning, that is creative thought, the learner is considered as a 
developer of the environment rather than a navigator, as suggested by 
Greeno.  Creative thought depends on spatial sense, which can be developed 
by geometric experiences.  Hence by association geometric proficiency is 
implicated in the facilitation of creative thought. 
 
The development of spatial sense is recognised as an important objective of 
mathematics education for the 21st century.  Spatial sense is defined as "an intuitive feel 
for one’s surroundings and the objects in them" (National Council of Teachers of 
Mathematics [NCTM], 1989, p.49).  Geometry is considered to be a component of 
spatial sense: "to develop spatial sense, children must have many experiences that focus 
on geometric relationships; the direction, orientation, and perspectives of objects in 
space; the relative shapes and sizes of figures and objects; and how a change in shape 
relates to a change in size" (NCTM, 1989, p. 49).  However spatial sense extends 
beyond geometry because spatial sense is not restricted to the physical world nor the 
formalized system of geometry.  Spatial sense depends on visual-spatial intelligence, a 
discrete intelligence, which is defined as “the ability to form a mental model of a spatial 
world and to be able to manoeuvre and operate using that model" (Gardner, 1983; 
1993).  According to Clements and Battista (1992) it is spatial reasoning rather than 
geometry that is deemed to be essential in creative thought.  A view that is supported by 
the positive correlation between spatial ability and mathematical achievement (Guay & 
McDaniel, 1977).  However to dismiss the importance of "geometry” in creative 
thought would be foolhardy because it is implicated in the expression of spatial sense.  
This paper explores the assertion that geometry is important in creative thought because 
conceptual domains are spatial environments that operate similarly to geometry. 
 
Conceptual Domains as a Spatial Environment 
 
Greeno (1991) likens conceptual domains to an "environment with spatial 
properties" (p. 211) because learning is like finding one's way around in a new 
environment.  Metaphorically, learning occurs as the learner identifies landmarks in the 
environment, links landmarks by routes and finally integrates the routes into an overall 
map (Siegel, 1981).  Battista (1994) suggests that Greeno's environmental theory of 
learning provides a link between the literature on cognitive processes and spatial 
thinking, a link which Greeno (1994) supports and expands upon:  
The general idea is that activity in any domain involves use of 
resources and compliance with regularities that enable and limit 
actions that contribute to successful performance ... aspects of 
knowing involve being attuned to affordances of various kinds of 
mathematical "materials", including concepts, methods and 
representations, and being attuned to constraints about how those 
materials and methods can be combined and how they work (p. 95, 
98). 
 
 However, implicit in Greeno's environmental theory of "the learner as a 
navigator” are the notions that the domain in which the learner operates is pre-existing 
and that learning is a process of enculturation or familiarisation.  Greeno's model is 
supported by the theory of situated cognition which advocates the importance of 
authentic activity and familiarisation with the use of tools and the culture of the domain 
(Brown, Collins, Duguid, 1989).  However a "navigational perspective" does not 
account for creative thought which could be considered as the optimal outcome of 
learning.  Creative thought extends beyond high performance in a domain to creating 
new ways of operating in that domain or even a new domain.  Hence, a perspective of 
learning as familiarisation, as in Greeno's theory, needs to be supplanted by a 
perspective of learning which culminates in the ability to recognise, represent and 
disembed elements of a problem, and to generate a productive solution to the problem, 
that is creative thought. 
 
Spatial Sense and Creative Thought 
 
 Many eminent mathematicians, scientists, engineers, inventors and philosophers, 
who had high spatial ability were recognised for their creative thought (MacFarlane 
Smith, 1964).  However, the learning and thinking of these individuals seems at odds 
with Greeno's (1991) theory because they were wholistically oriented and paid attention 
to structure and form rather than grasping the details piece by piece (MacFarlane Smith, 
1964).  The wholistic orientation of these eminent individuals is evident in their facility 
with visual representations, such as diagrams through which they were able to represent 
complex processes and structures wholistically (Winn, 1987).  Maxwell, for example, 
had a habit of making a visual representation, diagram or model of every problem 
(MacFarlane Smith, 1964).  A wholistic and integrated approach to thinking enabled the 
spatially gifted to identify new problems or view old problems from alternate 
perspectives and respond with creative solutions.  Such a highly developed intuitive 
understanding of the environment could be considered to be the optimal level of spatial 
sense.  
 Many of the spatially gifted also displayed a high level of proficiency in 
geometry.  Pascal, for example, was recognised as a prodigy in geometry and while in 
his teens discovered for himself the properties of geometrical figures and that the sum 
of angles of a triangle is equal to two right angles.  The link between creative thought 
and proficiency in geometry seems to be more than coincidental because of the 
importance of visual representations in both creative thought and geometry.  Therefore, 
conceptual domains appear to be spatial environments like geometry but Greeno's 
notion of the "learner as a navigator" is rejected in favour of the notion of the "learner 
as a developer" in keeping with the wholistic orientation and the creative thought of 
spatially gifted individuals (MacFarlane Smith, 1964).  Thus, the question is: how are 
geometry and conceptual domains alike as spatial environments?  This question is 
explored by considering the nature of spatial environments, the use of representations 
and reasoning in spatial environments, and the applicability of the content of geometry 
to conceptual domains.   
 
Spatial Sense and Spatial Environments 
 
An understanding of various spatial representations and their operating 
environments  is manifest as spatial sense.  At least five discrete spatial environments 
can be identified in geometry as shown on Table 1.  In addition, there is an abstract 
mental environment where ideas exist spatially as mental models (Johnson-Laird, 1983) 
or conceptual objects (Sfard, 1991) and could therefore be considered as a non-
imagistic and imaginal environment, see Figure 1.  Sfard proposes that ideas become 
conceptual objects through an ongoing process of interiorization, condensation and 
reification.  Because concept formation can occur at increasingly abstract levels the 
extent of this environment is infinite.  Einstein identified the importance of the abstract 
spatial environment when he reflected on his thoughts: 
 
The words or the language, as they are written and spoken, do 
not seem to play any role in my mechanism of thought. The 
psychical entities which seem to serve as elements in thought 
are certain signs and more or less clear images which can be 
voluntarily reproduced or combined.  The above mentioned 
elements are, in my case, of visual and some of muscular type. 
Conventional words or other signs have to be sought for 
laboriously in a secondary stage, when the above mentioned 
associative play is sufficiently established and can be 
reproduced at will (A. Einstein, 1949). 
 
 
Table 1 
Types of geometric environments and their characteristics 
Characteristics of Geometric Environments 
a three-dimensional sensory environment in which objects physically exist 
a pseudo three-dimensional visual environment where three-dimensional objects are 
represented using conventions, such as shading and oblique lines 
a three-dimensional imaginal environment where objects exist in the mind as 
constructions of the physical world 
a two-dimensional visual environment that depicts two-dimensional shapes through 
drawing 
a two-dimensional imaginal environment where plane shapes, such as squares, exist 
 
 
Einstein's reference to “psychical entities” and “associative play” illustrates that 
the importance of representations and relationships in geometric environments extends 
to conceptual domains.  Associative play is not bound by a spatial environment but can 
use a particular spatial environment to develop conceptual understanding.  For example, 
Kekulé dreamt of rings of snakes and associated this vision with the structure of 
benzene (Boden, 1990), thereby using the three-dimensional imaginal environment as a 
base for developing conceptual understanding. 
Figure 1. The variety of spatial environments  
 
Representations and Reasoning in Spatial Environments 
 
The uses of tools, such as representations, are context specific and develop from 
the activities of the community (Brown, Collins, Duguid, 1989).  The recognition of 
distinct spatial environments suggests that an interpretation of a representation is 
dependent on the identification of the spatial environment in which it exists.  For 
example, the diagram in Figure 2 is ambiguous and interpretation is context dependent.  
If the shape is considered within a pseudo three-dimensional environment it is a cube, 
3D sensory pseudo 3D visual3D imaginal
2D imaginal 2D visual
non-imagistic imaginal
 
however within a two-dimensional visual environment it is a hexagon.  Therefore, the 
environment in essence provides the code for interpretation and representations are 
subject to “conditions of use”, which includes attention to points of reference between 
the representation and the environment. 
Figure 2. Diagram of a hexagon or a cube 
Points of reference also exist within the representation.  For example, in Figure 3 
the size relationship between the shapes can be described by a statement such as, the 
circle is smaller than the square.  In addition, statements may utilise environmental 
points of reference.  For example, a statement that the circle is in front of the square 
implies that the shapes exist within separate vertical planes.  In order to explore whether 
points of reference are important in conceptual domains the diagram is considered from 
a conceptual perspective. 
Figure 3. A circle and a square in separate vertical planes 
The diagram is a conceptual tool that provides a "window" to mental 
representation (Presmeg, 1986): “Many geometric skills and concepts are essential to 
the process of problem solving.  For example, a primary problem-solving strategy is 
drawing a picture or diagram, which is, in many situations a geometric representation of 
the problem” (NCTM, 1989, p. 50).  The conceptual advantages of diagram use 
specifically identify the importance of points of reference within the representation, and 
between the representation and the problem context as shown on Table 2.  In addition, 
diagram use supports an ongoing conceptual interaction which can be integral to the 
solver in determining the structure of the problem (Nunokawa, 1994). 
 
Table 2 
Conceptual advantages of diagram use which capitalise on interrelationships 
Conceptual Advantages of Diagram Use 
diagrams act as an external sketch pad where interconnected information can be 
chunked together (van Essen & Hamaker, 1990) 
diagrams portray the solver's connections between components of a problem (Kersch & 
McDonald, 1991) 
 
diagrams support the explication of implicit information within a problem (Larkin & 
Simon, 1987) 
diagrams facilitate the reorganisation of information (Larkin & Simon, 1987) 
diagrams are communicative and provide a visual alternative to words (Mayer & 
Gallini, 1990) 
 
 The reasoning that is associated with visual representations constitutes the 
"conditions of use" just as the identification of the geometric environment indicated the 
correct interpretation of the geometric representation, as shown in Figure 2.  Visual or 
spatial reasoning capitalises on the wholistic and interrelated nature of the information 
and is therefore distinct from linguistic or sequential reasoning (Barwise & 
Etchemendy, 1991), see Table 3. 
 
Table 3  
Conditions of use in visual or spatial reasoning 
The Potential of Visual or Spatial Reasoning 
closure under constraints relates to the parameters of reasoning about a visual 
representation  
the conjunctive format of visual representations enables a variety of inclusive 
relationships to be depicted 
homomorphic representations support a spatial representation of information that 
models the structural relationships within a problem 
symmetry within the representation can be used to reduce the number of cases to be 
considered 
perceptual inference is a powerful form of everyday reasoning 
 
 In summary, diagrams both in conceptual domains and in geometry use points of 
reference and have conditions of use.  Therefore their operating environments can be 
considered to be similar because the tools and techniques facilitate what can be 
"afforded" from the environment with consideration for the "constraints" of the 
environment (Greeno, 1991).  Therefore, geometry could be considered as a prototypic 
environment that models the use of stimuli in conceptual domains. 
 
The Content of Geometry 
 
The geometric strand in Mathematics-a curriculum framework for Australian schools 
(Curriculum Corporation, 1994) is aptly named Space, and includes geometric tools and 
techniques, and the processes of visualising, analysing and representing.  The use of 
representations and reasoning have previously been identified as similar in geometry 
and conceptual domains.  However for the conceptual domain to be considered as a 
spatial environment the geometrical concepts should also have applicability to 
conceptual domains.  The Space strand includes the concepts of shape, movement, 
transformation, arrangement and location.  These concepts have direct applicability to 
mental models (Johnson-Laird, 1983) which are formed, moved and manoeuvred 
(Gardner, 1983; 1993), and interiorised, condensed and reified while being located in 
abstract thought (Sfard, 1991).  For simplicity, S.P.A.C.E. can be considered as an 
acronym for the development of spatial sense.  The first four letters relate specifically to 
the content of the Space strand, Shape, Pattern, Arrange and Create as shown in Table 
4, and the fifth letter "E" stands for "experience" as a reminder of the role of 
experience in the development of intelligence (Sternberg, 1990), including visual-
spatial intelligence (NCTM, 1989).  
 
Table 4 
Strand organisers in Space 
 Strand Organisers 
Shape Visualising, analysing and representing shapes 
Pattern Visualising, analysing and representing movements and transformations 
Arrange Visualising, analysing and representing arrangements and locations 
Create Using spatial ideas, tools and techniques to interpret, draw and make 
 
Conclusion 
 
 The exploration of spatial environments, representations and reasoning, and the 
content of geometry provides support for the assertion that conceptual domains are 
spatial environments which operate in a similar manner to geometry.  This implies that 
geometry plays a pivotal role in understanding conceptual domains because geometry is 
the "training ground" for operating within a spatial environment.  Because of the 
perceptual-conceptual interplay students need opportunities to interact with information 
presented in a spatial format, to engage in spatial reasoning, to construct knowledge 
representations that are reconstructions of experience and to generate mental models by 
seeking relationships.  With practice and experience spatial sense will develop, and 
ultimately perceptual input will be unnecessary and manipulations will occur with 
abstract “tokens”.  Thus, geometry is not simply a topic of mathematics but a domain in 
which students learn about spatial reasoning.   
 The status quo in geometry education is however a concern (NCTM, 1989).  
According to some mathematics educators the level of concern is extreme: "... belying 
its obvious importance in the curriculum, student's performance is woefully lacking.  
Neither what students learn in geometry nor the methods by which they learn it are 
satisfactory" (Clements & Battista, 1992, p. 457).  Given the importance of geometry in 
cognition, mathematics educators need to respond proactively to the teaching of 
geometry ensuring that learners have the necessary opportunities and experiences to 
develop spatial sense.    
   The great thing in this world  
    is not so much where we stand 
     as in what direction we are moving. 
       - Oliver Wendall Holmes 
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